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Abstract

Stark broadening calculations of isolated neutral atom lines in the
classical path approximation usually involve an electron (moving along a
straight line path) interacting directly with the atom. Correlations be-
tween the electrons are then taken into account by imposing a cutoff in
the interaction, when the distance from the atom, p, exceeds the Debye
length, Ppe A more consistent probedure for the correlation effects is
to replace the direct interaction of the electron by a Debye~shielded in-
teraction. The functions A,‘B, a and b which are required in the theory
when the Debye-shielded interaction is used are considered in detail in
this report. When p/pD < 0.1, it is found that the a and b functicns may
be closely reproduced by using unshielded functions in conjunction with
an upper cutoff of 0.68 Ppe In the appendix is a computer program to

generate these functions written by U. Palmer of JILA,



1. Introduction

Calculations of the broadening by electrons in the impact approxima-
tion usually involve the evaluation of an operator (the ¢ operator) in
which the classical path S-matrices for the electron collisions have been
expanded to second order (gee, for example, Refs. 1, 2 and 3). Higher
order terms in the expansion are then accounted for by a lower cutoff in
the integral over impact pérameters, and the effect of electron correla-
tions is included by an upper cutoff at an impact parameter at the order
of the Debye length. The purpose of this report is to give an alterna-
tive numerical procedure to the use of the upper cutoff (although we will
show in Sec. 6 that a judicious choice of upper cutoff will, under some
circumstances, reproduce our results.
More recent theory > has shown that the broadening operator for
the complete line profile which is correct to second order in the inter-
action potential V(t) can be expressed (for |a>, ]u'>>matrix elements),

using Eq. (49) of Ref. &4, as

ilw, t

<o |f(aw) |a'> = -1) <a f dte ¥ {V(t)}k><k1v(0">}Avla'> . (D)
k o]

Here intermediate states ]k> have been explicitly inserted and Awk is the

frequency difference of the radiation from the intermediate state. This
N {

result was originally obtained by B;manger6 f?om a wing expansion, rather
than the more complete general theory. In pérff&ular this result has im-
portant consequences, since it shows [see Eq. (1.3) below] that, in the
correct second-~order treatment, functions like A(zl,zz) as introduced in
Ref. 3 corresponding to off-diagonal elements of the broadening operator

are needed only for the simple case of z.=z,.
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Putting the potential V(t) equal to the dipole interaction -d-E(t)

where ﬁ(t) is the electric field due to all the electrons, we see that

Eq. (1.1) involves the evaluation of the electric field autocorrelation
function, namely:

o

g(hw) = f ate 2t E()E(0) o (1.2)

o
This function has been examined in Refs. 7 and 8. 1In particular, it is
possible to evaluate the electric field average as if each electron were an
independent quasi-particle interacting with fhe radiating atom through its
dynamically screened electric field. The full evaluation of the dynamic-
ally screened potential requires the use of the wave number and frequency-
dependent‘dielectric constant e+(§,§-3), however, the dominant contribution
to g(Aw) is from the region where Aw 2_§°$ [and in fact, kv is set equal
to Aw for the real part of g(Aw)B]. In general, the full evaluation of
g(Aw) is quite complicated,s’9 but, when Aw << wp (the plasma frequency)
the dynamic dielectric constant can be approximated by the static dielectric
constant and the shielded field is the Debye-screened field. When Aw >> wp,
unshielded fields must be used.

In this report, we consider the evaluation of the second-order terms
using static Debye-screened fields. This is therefore only strictly cor-
rect when Aw (the frequency separation to the intermediate state) is less
than mp; however, correlation and shielding are most important in this region
where the lines of the spectrum are overlapping or starting to overlap. In
addition, when Aw >> wp the difference ?etween using static Debye-screened
fields and unshielded fields in Eq. (1.2) is negligible, and the value of

Eq. (1.2) is quite small in any case. TFinally, by comparison with the re-



b

sults of Ref. 8 [in particular for the real part of g(Aw)] errors in the
region Aw g_wp from the use of Debye-screened fields are not expected to be
large, provided g(Aw) is not appreciably enhanced in this region due to
instabilities and other non-thermal effects.

To relate Eq. (1.2) to the usual A and B functions, it is necessary
to rewrite it slightly. Since the electrons act as independent quasi-part-
icles the average in Eq. (1.2) may be written in terms of integrals over
the frequency of collisions dv (an integral essentially over velocities
and impact parameters) and the time of closest approach t0 (see for exam-~

ple section 4B of Ref. 4 and Ref. 10).

Thus
[* iAot =, >
et {B(HEW) Y, dt
J Av
o
¢ = ) where B represents the
iAwt 2> = S
= J_wdto Jdv Jodte B+ DE () hielded field®

oo oo iAw(xl—X2 N N X =t+t0
= J dv J dx2 J mdxle ES(Xl)ES(XZ) with < =t
-0 xz 2 o]
o X 1Aw(x,~%.)
1 727>
= J dv J mdxl J~wdx2 e ES(xl)ESsz) (1.3)

by using the Dirichlet integral formula [seevK. (57), Ref. 4].

2. The Shielded Broadening Functions
Thus, using static Debye-screened fields instead of pure Coulomb
fields, which amounts to multiplying the latter by (1+r/pD)exp(—r/pD), the

usual second-order time integrall_3 is replaced by



A+ iB =

F(z,z'3q)

_1 [ . . . i(zx-2z'x"%)
=5 dx dx'. (I+xx")g(x;q) g(x';q)e o, (2.1

where

1/2
g(x;q) = [1+q (1+x

2
2)1/€} (14x2) =3/ 20 (14x7) , (2.2)

1/2

¥

z = pw/v, 2' = pw'/v, q = p/pD, p is the impact parameter, = (kT/AnNez)

°p
the Debye length, and v the electron velocity., It is easily seen that the

new A and B functions possess the same symmetry properties as the unshielded

.3
ones, viz,

]

A(z,z";q) = A(z",z35q) = A(-z,-2"3q) , (2.3)

B(z,z';q) = B(z',23q) = -B(-z,-z";q) . (2.4)

The general expression in Eq. (2.1) should be used in the impact

1,3 to compute the matrix elements of the broadening operator for

theory
lines with forbidden components (for an isolated line z' = z). However,

as stressed earlier, in the unified theory approach only "diagonal' func-

1

tions with z = z' = pAwk/v,will occur., Of course, no upper cutoff on im-

pact parameters is required with the new functioms.
Sticking to real integration variables in Eq. (2.1), simple parity

considerations show that the A~function is given by
A= dex g(x:q)cos(zx) fmdx' g(x";q)cos(z'x")
o o

+ fmdx~xg(x;q)sin(zx) { dx' x'g(x';q)sin(2'x") . (2.5)
) )

The necessary Fourier transforms are readily obtained fromll

2. 2
fmdx(a2+x2)“l/2e"Q(“ +x°)
[a]

1/2 1/2

cos(zx) = Ko[a(zz+q2) ] . (2.6)



1/2

) 2
f dx x(a2+x2)—l/2e—q(u =) sin(zx) = ozz(zz+q2)"l/2
o

1/2

K, la(z4") %1, (2.7)

by differentiation with respect to oa. Here KO-and Kl are modified Bessel

functions of the second kind. Hence:
A(z,z'3q) = ZZ'KO(R)KO(R') + RR'Kl(R)Kl(R') s (2.8)

where we have put for brevity

R = (22+q2 1/29 R = (z'2+q2)l/2 (2.9)
For the diagonal function we get
22 2,2
A(z,z3q) = A(z3q) = z Ky (R) + R Kl (R) (2.10)

Since z, z', and q are all proportional to p, the integration over the

impact parameter (now from Pmin to =) can be expressed in terms of

00

a(z,z';q) = f -%; A(Az, ) z':)q) s (2.11)
1

which represents the natural generalization of the function a(z) of GBKO.

To save space, we give here the results only for the case z = z':

a(z30) = R (RK ® - Fa 18 2@k @] (2.12)

It is also convenient to introduce in Eqs. (2.10), (2.12), a new

2,1/2

parameter z_ = z/q = pDAw/v, so that R = Bz, with B ='(l+1/zb ) For

D
zy v Aw/wp >> 1 one has A(z;z/zD) Y A(z) and a(z;z/zD) Y a(z). Therefore,
when Aw >> wp, using either shielded fields or unshielded fields in Eq. (1.2)
gives the same results. As we have said before, the fact that we get the
correct answer in the important limit of Aw << Wy and that both shielded and

unshielded fields give nearly identical results when Aw >> wp is the main

justification for the functions presented here.



3. Dispersion Relations for 0ff-Diagonal Broadening Functions

A convenient way to calculate the B function, once A is known, is pro-
vided by the dispersion relation, which expresses B as a Hilbert transform
of A. This method has been extensively used in the past to computé various
diagonal B functions contributing to the broadening of isolated lines emit-
ted by neutral atoms and positive ions.l’lz—14 In both cases the disper-
sion relations merely reflect the analyticity of the second-order time in-
tegral with respect to one of its parameters, considered as A complex vari-
able.

The extension to off-diagonal functions must be done with some care.

In this case it is better to introduce an auxiliary complex variable, while

keeping all physical parameters real (the dispersion relations given re-

cently15

for the neutral functions A(z,pz) and B(z,pz), where p = z'/z is
a real fixed ratio, are wrong, since for p # 1 the timg integral does not
possess the required analytic properties when z is allowed to take complex
values). For instance, from the structure of Eq. (2.1):

X

® i T T
F(z,2'3q) = J dx J e fGextiq) WLEEEED L ()

-0

it is apparent that for any real z, z', and q > 0, the function ¥(g) =
F(z+Z,z'+73q) is holomorphic in the upper half-plane Imz>0. Applying the
usual analysis, based upon Cauchy's theorem and the well-known relation
1/(z-i0) = P(1l/g) + in8(z), one readily gets

@(0) = #% P J dz f%ﬁl , (3.2)



whence
B(z,z'3q) = - -}r- P J %;9 A(z+g,2'+53q) (3.3)
or alternatively
B(z,2';q) = - = P T4t AlzHs(z-2") ,c-%(z-2") 3q] . (3.4)
sZ2 34 T . C-35(z+z ') > H »

Notice that Eq. (3.3) can be given also the equivalent form

B(z,z'3;q) = - l-fm %?—[A(Z+c,z'+c:q)—A(z—c,Z'—c;q)] (3.5)
(8]

m

from which the singularity has been removed.
Although the above relations allow us in princinle to compute B to the
desired aécuracy, in practice the limiting process inherent to all of them

might become sometimes a serious source of trouble.

4. Complex Integration
We shall now apply to the shielded case the powerful contour integra-
tion method which led to closed-form expressions for both A and B in the
non-shielding limit q = O.16 To this end we assume z > z' > 0, and make
'

the change of variables x = sinh u, x' = sinh u'. Equation (2.1) may then

be rewritten as

F=F,(2,2"3q) +F,(z,2"59) , (4.1)
where

I %_[w . 213—22§E—3-e"q cosh u +iz sinh u ¢1(u)’ (4.2)
— cosh™ u

with



u [ T3 f V
¢1(u) - [ du' sinh u’ 1+g cosh u & cosh u' -iz' sinh u , (4.3)
0

- coshzu'
and
F. = 1 du 1+q cosh u Mt cosh u + iz sinh u 6. (u) . (4.4)
2 2 2 2
=00 cosh u
with
" 1+q cosh u' -q cosh u' - iz'sinh u' (4.5)
¢2(u) = J du' e ! * :
—00 cosh u'

Let us first evaluate F.. Since

1
- h x
. l+q cosh x -qcosh x _ d (e 4 cos
sinh x ——-= ¢ = - I (——:;;ﬁrgz—— . (4.6)
cosh x
integration by parts gives
-q cosh u ~ iz'sinh u , ,
¢1(u) = ~(1/cosh u) e - iz wl(u) R 4.7)
where
v —-q cosh u' - iz' sinh u’
Yy () = [ du' e ¢ , (4.8)

and further

2Fl - _ J du sinh u 14+q cosh u e-Zq cosh u + in sinh u
~o0 cosh™ u

-2q cosh u + in sinh u + 22'C , 4.9)

- iz! [ (du/cosh u) e 1

where n = z-z' > 0, and

-q cosh u' - iz’ ginh uf
G, = ©

jw du e 94 cosh u + iz sinh u Ju du’
1
-00

-0

(4.10)



~10-

Defining
tan o = q/z, tana' = q/z', (0 <o <a' < 7w/2) . (4.11)
we may rewrite G1 as
¢, - r du olR simh (u+io) r‘ dy' o~1R' sinh (u'-1a") (4.12)
w—t o

with R,R' given by Eq. (2.9) and R > R'.

We now consider u and u' as complex variables and transform Eq. (4.12)
into a repeated contour integral G1 = J du ... [ du' ... , with the con-
T T

tours shown in Fig. 1. It is easily seen that the contribution of the

e D mmn e mend e S s A el wuem GOSN G i G I e wmw e

Figure 1
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u
segment CD vanishes, since [ du' ... is an odd function of u, and there-
0

fore

00

-R cosh u| {° -R' cosh u' mT-o-o’ -R' cosh (ut+ig)
G1 = du e du'e + i de e =
-00 (o]

= 2 KO(R)KO(R') + i M (4.13)

1 3

where

m-o-a' -R cosh u - R' cosh(u+i6)
M, = J de fw du e : . (4.14)
0 i OC

After shifting the u integration from the real axis onto the line
Imu=- x(u + u-ix), with x given by tan x = R'sin 6/(R + R'cos8) > 0,

and changing 6 in 7™ -~ 286, one gets

w/2
M =4 de KO[S(G)] , (4.15)

1
(ota') /2

where

2

1
S(8) = (R + R'> — 2RR' cos 20) % (4.16)

The second term F2 in Eq. (4.1) can be treated in a similar manner,

but the calculation is slightly more cumbersome. Starting from

s

l1+q cosh x 4 cosh x _ d {sinh x e 4 cosh x + q cosh x o4 cosh x
dx {cosh x

cosh x
(4.17)
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one first obtains by partial integration

ZFZ - Im du sinh u 1+q cosh u e-Zq cosh u + in sinh u
-~ cosh u
(4.18)
- f“ du tanh u (g cosh u + iz'sinh u) e—2q cosh u + in sinh u + RR'G2 s
where

iR sinmh (u+ia) {u du’ Sinh(u,_ia,)efiR'sinh(u'—ia')

=00

G2 = J du sinh (utio) e

(4.19)

By contour integration this can be reduced further to

2

G, = 2 Kl(R)Kl(R') + i v, , (4.20)

where
/2 9 (W/Z
M, = 4 do sin © Ko(s) + 4 J de Kl(S)/S
(at+a')/2 (at+a™)/2

n/2
—4(R-R")? f a6 cosg Kz(s>/s2 . (4.21)

(ata')/2

With;Fl determined from Egqs. (4.9), (4.13) and (4.15), and F, from Egs.

(4.18), (4.20) and (4.21), we go back to Eq. (4.1) and separate the real and
imaginary parts of F. This yields for A the closed form expression already

found in Sec. 2:

A(z,z'3q) = z z'KO(R)KO(R') + R R'Kl(R)Kl(R') . (4.22)

and for B the integral representation
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w/2
-q(z+z')Kl(SO)/S0 + 2zz! de KO(S)

(otal)/2

m/2 w/2
2RR’ f d6 sin2e K, (S) + 2RR’ J 46 K (5)/S

(ata')/2 (at+0*) /2

o (/2 2 2
2RR' (R-R') do cos”® K,(8)/s° (4.23)

(at+a®)/2

1]

B(z,z';q)

4

I

where S0 = (n2+4q2)%, and S is given by Eq. (4.16).

The above form of B is not quite satisfactory for numerical computa-
tion, since it contains terms which diverge individually under certain cir-
cumstances, although the net result will always be finite (for instance, in
the diagonal case z'=z the first term behaves like 1/q when q + 0, and so
does the fourth). This difficulty is, however, easily resolved by noticing

that S0 is nothing but the value of S at the lower limit of integration

8 = %(a+a'). Developing the right-hand side of the identity

/2
—q(z+2')Kl(SO)/SO = RR' d[%in 26 Kl(S)/%] (4.24)

(ata')/2
and substituting into Eq. (4.23) then enables us to eliminate the unpleasant

terms and eventually results in the new integral representation

w/2 m/2
B(z,z':;q) = 2zz' de KO(S) - 2RR! d8 cos 26 KO(S) , (4.25)

(o+a') /2 (o4a') /2

which is. the best we can get.

In view of the subsequent integration over the impact parameter we de-

fine, by analogy with Eq. (2.11), the function
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b(z,z":;q) = J %% B(Az,Az'3)\q) , (4.26)
1 ‘

which generalizes the function b(z) of GBKO. Substituting from Ed. (4.25)

and noticing that o and a' do not depend on ), one readily gets

/2 n/2
b(z,z"3;q) = 2zz' de Kl(S)/S - 2RR’ de cos 26 Kl(S)/S .

(at+a®)/2 (ata®) /2 4.27)

In the diagonal case, Eqs. (4.25) and (4.27) simplify respectively to

9 w/2 2 m/2
B(z3q) = 2z I de KO(ZRsin 8) -~ 2R J dd cos 26 K0(2Rsin 8)
* * (4.28)
and
2 m/2
b(z;3;q) = (z"/R) j de Kl(ZRsin 8)/sin 6
o
/2
- R J d6 cos 20 K (2Rsin 6)/sin 8 . (4.29)

o}

If we let here q + 0 we obtain compact integral representations for the un-

shielded shift functions, viz.

B(z)

g (T2 2
4z I d6 sin"® KO(Zzsin 8) . (4.30)
)

w/2
b(z) 2z [ d6 sin 6 Kl(ZZsin 8) . (4.31)
o

The connection with the closed form expressions reported earlier16 is pro-

vided by Nicholson's formula17

w/2
In(z)Kv(z) = (-)n(Z/ﬂ) jo do cos(nt+v)8 Kv_n(chos 8) . (4.32)
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valid when n is an integer, and |Re(v—n)| < 1, Corresponding results are
not likely to hold for the shielded functions, which are represented by in-
complete integrals with a variable limit. However, the latter are much eas-

ier to handle numerically than the principal value integrals in Sec. 3.

5. Approximate formulae
In this section we collect various useful approximate expressions of
the shielded broadening functionms, restrictiﬁg ourselves to the "diagonal"
case, which is the most important in practice.
We begin with asymptotic formulae for A and a, valid when z or/and q
are large. These are obtained simply by substituting the standard expan-

sions of K, and K, 18 ynto Eqs. (2.10) and (2.12). The leading terms are

respectively

ACz3q) ~ (1/2) (1+22/R%) R e 2R | (5.1)

a(z3q) v (1/2) (1-q*/28%) & 2% | (5.2)

In particular, if one is interested in the asymptotic behavior for p = =,
then one must let both z and q tend to infinity, while keeping their ratio

z/q = zn finite. Thus, when z > =:

Azsz/z) v (1/2) (B4L/8) z & 0% (5.3)

a(zsz/z) v (n/28) (8+1/8) &% (5.4)

1
where B = (1+1/zD2)é.

On the other hand, for p -+ 0 one has

(5.5)

a(z;z/zD) = log(0.68zD/z)5 for zj <<1 ,
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whereas A(z;z/zD) > 1,

The corresponding formulas for B and b may be derived from the integral
representations given in Sec. 4. Let us assume first that only z - «, while
q remains finite. After changing the variable in Eq. (4.29) to u = 2 R sin$,

we expand it as follows:

2 .2 §2R 2. 2 (2R
B =2 ;R j du Ko(u) + §§¥t§— f du uzKO(u)
2q 8R 2q ‘
2 2 (2R
+ ég;ié%—-f du u4K0(u) - (5.6)
128R

2q

This is readily transformed into an asymptotic expansion by developing the

coefficients in powers of 1/z and extending all the integrations to infin-

ity. Eventually

B(z3q) ~ Cy(q)/z + C3(q)/z3 ., oz (5.7)
where
C (@) = (% - #)ri, 2q) + 247K, 2q) + K, (2q)
14 2 1 1 o'<d ’
2 4 2
= (2 _ 39 9\ g 9 _4a) 2
C3(a) = (16 gt 2) ki (2) + (4 5 ) ¢ K (29)
2
9,39
. , , , 18
with the new function K11 defined by
Kil(x) = fwdu Ko(u) e e mu§§:9)
% Loyt P LA N A1)

aurl Lo wog oant bosd tediec sy om0

Since Ki (O) =7/2, in the limit q+ O one h;s C (O) = w/4 C (0) = 94/32,

{2 ahd we recover theaw%%i—k@@wn §$ympi@$i§?@%paﬂsigﬁxggrgiz)_
2 : ¢ =N s A
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Similarly, from Eq. (4.29) one obtains
‘ 3
b(z3q) v c (q)/z + cg(@)/z” + .o, 2> (5.10)
where

°1(q) + qi)Kil(Zq) - qul(Zq) + qKO(Zq) s

i
TN

@ = (2 -3 - s 2 + (2 + L)y, 2o
€3'd = {16 T 78 2 J~t1ted 5z T g )3 fqted

+ (-g- - Szz—)qKO(Zq) (5.11)
In the limit q -~ O we have cl(O) =1n/4, c3(0) = 37/32, and Eq. (5.10) re-
duces to the asymptotic expansion of b(z).
The above procedure clearly breaks down when g - «, since all the terms

in Eq. (5.6) are then of the same order. If z is kept finite &n asymptotic

estimate of B is, however, readily obtained from Eq. (4.28) by noticing that
the integration interval shrinks as q is increased (/2 - o v z/q). This

allows us to write

e

B(z:q) (2z2—2R2cos 2a) KO(Z R sina) (n/2-a)

e

quKO(Zq) , q > (5.12)
Similarly, from Eq. (4.30) we get
b(z5q) v 2K, (29) , g+ . (5.13)

Hence, when z << g both B and b become exponentially small and depend lin-
early on z.

Let us consider now the case when z and q tend together to infinity so
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that their ratio z/q = z; remains finite. In this case no shrinkage occurs,
but the integrals in Eqs. (4.28) and (4.29) may be evaluated asymptotically

on integrating by parts.19 Neglecting higher order contributions one finds
2 \
B(z,z/zD) 0y (z/zD ) Kll(ZZ/zD), z > (5.14)
and
b(z;z/zD) v (1/22D) KO(ZZ/ZD), Z > . (5.15)

At the opposite limit, as p > O, from Eq. (4.28) one gets B(z;z/zD) -0

and Eq. (4.29) yields

b(z;z/zD) + arctan z_ - %ZD/(l+zD2), z >0 (5.16)

D

The last 1limit is % w/2 for z

v p > 1, and Y zD/Z for z_ << 1.

D
6. Numerical results

Numerical results are not presented here in tabular form for A(z,q)
and a(z,zD) since the Bessel functions on Egs. (2.10) and (2.12) are so
simple to calculate (see Ref. 18, formulae 9.8.5, 9.8.6, 9.8.7 and 9.8.8).
Tables 1 and 2 show calculated values of B(z,q) and b(z,zD). Where asymp-
totic forms could not be used, these functions were calculated both from
the formulae of Eqs. (4.28) and (4.29) and from the Hilbert transform Eq.
(3.5) [with direct integration of Eq. (4.26) to give b(z,z_)]. The first
procedure was by far the simpler, however, overall agreement between the
two methods of better than 27 was obtained. For values of z greater than
those in the table, sufficient accuracy can be obtained by using the first
terms of Eqs. (5.7) and (5.10). Notice that B(z,q=0) = ﬂzz[KO(z)IO(z)—

Kl(z)Il(z)] and b(z,z_=») = /2 - ﬁzKo(z)Il(z) are the straight line
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results. B(z,q>10) and b(z,z_<.002) are for all effective purposes neg-~
ligible,

A(z,q), B(z,q) and b(z,q) are plotted in Figs. 2, 3 and 4 for var-
ious values of q(= p/pD = z/gD); a(z,q) was not plotted, but it diQerges
logarithmically at small z and q [Eq. (5.5)]. Notice in particular that
the functions get small rapidly when q > 1. This is expected since Egs.
(5.1) (5.2) (5.12) and (5.13) all predict an exponential fall off when
q >> 1. This rapid cutoff when p R pD, certainly to some extént justi-
fies the usual procedurez’12 for treating shielding by a cutoff. To
further test the validity of these cutoff procedures, in Fig. 5 a func-
tion F(z,q) is plotted. F¥(z,q) is essentially12 [b(z) - b(zmax)] where

z = p w/v. Two cases are considered, firstlv Pax = and secondly

max max pD

it

p

max 0.68 oy In both cases the agreement between F(z,q) and b(z,q)

of Fig. 4 is surprisingly good. (Notice, however, that F(z,q) = 0 for

p>0p .) In fact, when p/pD < 0.1 the agreement for the 0ax = 0.68 p

max
case is better than 5%. This value (0.68 pD) was chosen as the cutoff
since its use in [a(z) - a(zmax)] exactly reproduces a(z,z_ ) for small

z and N [see Eq. (5.5)], as has been noted in Ref. 7. Actually, for

q = p/pD < 0.1 the agreement for all values of z between [a(z) - a(zmax)]
and a(z,zD) is again always better than about 4%; and for q < 0.1 for
both B(z,q) and A(z,q) the difference between these functions and the un-
shielded ones (q = 0) is also very small (see Figs. 2 and 3). We there-
fore conclude that the usual cutoff procedures should certainly be ade-
quate when simplicity is desired and when p/pD < 0.1 (which is true in
most cases of physical interest). However, we believe that the functions

presented here are of even gregter utility, especially if p/pD should

get large.
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APPENDIX

FORTRAN Programs for B(z,q) and b(z,le

(Written by U. Palmer, Joint Institute for Laboratory Astrophysics)

b(z,z.)

b(z,z.) is calculated by FUNCTION FOFZzD(Z,ZD)

A sample FORTRAIN CALL: B = FOFZZD(Z,ZD)

FUNCTION FOFZZD requires the following seven routines and a data deck

marked b(z,zD)
FUNCTION B2(Z)
FUNCTION FACT(N)
SUBROUTINE KI1(X,CAY)
SUBROUTINE INTERP(NX,NY,X,Y,Z,R,S,T)
SUBROUTINE LAGRANG(NPTS,X,Y,NP,LAP,ISTART,IEND,LEND,R,V)
SUBROUTINE BESSK(X,CKE,EI)
SUBROUTINE BESSI(X,EI)

data deck b(z,z_)

B(z,q)

B(z,q) is calculated by FUNCTION FOFZQ(ZZ,QQ)

A sample FORTRAN CALL: B = FOFZQ(Z,Q)

The following routines are needed by FUNCTION FOFZQ(ZZ,QQ)

SUBROUTINE INTPB
FUNCTION BQASYM(Z,Q)
ROUTINES numbered 2-7 on the list for b(z,zD)

data deck marked B(Z,Q)
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Use of FUNCTIONS FOFZQ(ZZ,QQ) and FOFZZD(Z,ZD)

b(z,z.) and B(z,q) are calculated by interpolating in tables B(Z,ZD)
and B(Z,Q) respectively. Accuracy within the Btz,q) table exceeds 2%.
When b(z,zD) exceeds 0.01 the accuracy is also better than 2%, betﬁeen
0.01 and 0.001 the first non-zero digit is definitely significant and,
when less than 0.001, b(z,z ) = 0 will be returned. The tables are pro-
vided by the data decks marked b(z,zD) and B(z,q).

The first call to either routine will cause the reading of its own
data deck. When inserting the routines into an already existing program,
care must be taken in arranging the data. Therefore, it would be best
to make dummy calls to FOFZZD and FOFZQ in the beginning of the main pro-
gram and at the same time placing the data decks at the start of the pro-

gram's whole data set,

For example:

PROGRAM: PROGRAM MAIN

DUMMY = FOFZQ(2.0,2.0) causes reading of table B(Z,Q) and
stores B(2.0,2.0) into DUMMY
DUMMI = FOFZZD(2.0,2.0) causes reading of table b(z,z_) and

stores b(2.0,2.0) into DUMMI
rest of program

END

DATA: Table B(Z,Q)
Table b(z,zD)

rest of data for Program Main
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PROGRAM TESTBS (INPUTsOUTPUT) 003
DIMENSION 2ZZ(25) sQ00(25) 002
DUMMY = FOFZN(2.,092.0) 002
DUMMT = FOFZZD(ZOO’ZQO) 004
o INT 00 0ns
10 conTiInvg C0a
READ 500sNZZZsNQARQ 007
TFINZZZ,4,1 7,0y caLL EXIT 00=8
READ §O1s(2Z2Z(1)s1=7sNZZL) UClo
READ 501s(QaA(I}sI=19NQRQ) 010
DO 400 J = 1sNOQGQ 011
PRINT 870 C12
&70 ForMAT(IHO) 012
e = oqaty) 014
nn 400 1 = 19N222 O18
zZ = 722(1) 015
BZQ = FOFZQ(Zs0Q)) O3
BZZND = FOFZZn(Z.0Q) OL N}
PRINT 60152s0sRZOsBZZD 019
400 CONTINUE 020
200 FoORMAT (207149 091
80v FORMAT(8E15.0) 022
500 FARMAT(IH) 91RXe#Z%913Xs#Q OR ZD¥s13Xs%B (ZeQ)*912Xe%B (297D )%*9//) 0212
601 FORMAT(4F20.8) 024

I

EnD Gr5
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110
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FUNCTION FOFZZD{Zs2D)

COMMON/SETBZZD/B(28921)2ZE(38) sZEDE(21) sZLIMI 140 5Y15) sNZsNZDsNZLIM

DIMENSTON CX{3)sCEI(3)
DATA(LSWITCH = 1)

GO TO (152} st SWITCH
LSWITeH = 2

READ B(ZsZD) DATA DECK

READ 500;NZ;NZD;NZLIM

READ 801+ (ZE(IYs1=15NZ)

DN 110 J = 1sNZD

READ 501 +ZEDE (J)

rEAD 501s(BlTsysT=19nZ)

CONT INUE

PRINT g00s(ZEDE(IUIsIU = 1910) .
PRINT &01;(ZE(IU)9(B(IU9LU)9LU=1910)9IU = 1eNZ)
PRINT £03s(ZEDE(IU)sIU = 11sNZD)

PRINT 6049(ZE(IU);(B(IUvLU)oLU=110NZD’9IU = 19NZ)
READ 501s(ZLIM(I) » T= 1sNZLIM] ‘
Ny 120 1 = 195

Y{1) = ALOGIC(ZEDE(1I+16))

CONTINUE

CALCULATE B(Z+2D)

IF(ZDGGEQOOOO]) GO TO ]0

FAF2ZD = 0.0

RETURN

IF( (ZDelTe2:0)eAND(ZoGT410.0) )y GN TN 5

DO 20 J = 2sNILIM

TF{{ZD I FeZEDE( ) ) oANDo(ZoGToZLIMIJ) 115920
CONTINUE

IFIlZDelTool) oORs1ZoGTo10.0) )} GO TH 30
1F({ZPD.6T,.20000,0) GO TO 40

IF( (ZD:GEGIO;O)eAND.(ZD.LE.?OO0.0) ) GO TO 80

£ BGe INTERP

CALL INTERD({NZDsNZ+ZEDF9sZFsR9ZDs7sTEMP4)
FAFZZD = TFMP
Go To 200

R{Z:ZN) ASYM

2Zp = Z/1Dp

TZLp = 2,0%ILD

CALL BESSKI(TZZDsCx+CET)

FxO cel(y)

Fk1 = Cri2)

IF(ZD.LT.0,1) GO TO &0

CaLlL gRI11(T2ZZDsFrI1)

TZInSn = TZZD » ZID

FAFZZD = (1./(29*2))*(FKIl*(1¢+TZZDSQ)»TZZDSO*FK1+TZZD*FKO)
Go To 200

a2t2)

FOFZZD = B2(Z)
6o Tn 200

360

362
362
3284,
365
366
387
1488
340
370
271
372
373
374
378
37A
377
370
370
300
a1
3a?
392
ELY
38K
304
387
L3
3pa
300
201
302
3017
jou
30%
04
107
30n
260
400
401
40?2
Xk
404
L0%
60g
407
u0g
409
410
491
417?
413
4va
418
414
L1
498
419
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50
50
200
500

501
& 00

609
202
6504

600

10

20

20
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LOG INTERP

CALL INTERP(SsNZsYSsZEsB(19517) sALNGIO(ZD)sZsTEMPs2)
FOFZZD = TEMP

Go Tn 200

FOFZZn = Z # FK1

IF(FOFZZD.LT.OOOOI) FOFZZD = 0.0

RETURN

FARMAT (20714

FARMAT(10F8 4

FORMAT (1H1 e%xB(ZosZD )%/ /9% ZD*,3X,10F10.39//9* Z%s//)
FAPMAT(FBes910F10,8)

FORMAT(1H] s%B(ZsZD)%s// 9% ID¥* 33X 911F 10,25/ / 9% Z#e0//)
FORMAT(FB8e4s11F10,5)

END

FUNCTTON R2(Z)

DIMENSTIONM Cl3),F1(3)

PT = 3,1415924854

CALL BESSY (ZsCsET)

82 = 0,5 # PT = PY * Z % cl1) » F1{3,
RETUDN

END

FUNCTINN FACT ()
pouUBLE F

F = 1,0

IFIN «GFe 0) G Tn 10
peInT 402
FARMAT{ 1HO s xNFGATIVF FACTNARIAL %)
CApLL EXIT

FACT = 1,0

IFINGGT, 1).60Tn 20
RETURN

ne 30 1 = 1N

F=F %1

CONTINUE

FACT = F

RETURN

END

420
41
492
4o
424
425
494
427
Lo
420
420
421
Lo
Ha R
424
418

IXY3
L3
Iy
430
en0
4n

Lo

174
]77
17a
17ec
1ah
et
109
1p2
194
AR 1
1ae
1a7
lan
g0
100
1o
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SUBROUTINE KIi(XsCAY) ) 171
DIMENSTON Fr(7) T 122
DATAlPp1=3+141592654) 9 (Ex= 1,25331414,0.111902qg,o 02576646, 133

1 0.00933994,0,00417454,0,00163271,0,00033934) 134
DATA(EULER= 0:5772156649) 1138

P12 = P1/2.0 1348
IF(XNE.D.0) GO To 10 137
CAY = P12 138
RETURN 132

10 1F{XeGT47.0) GO To 200 140
XT = X/2.0 141

EpS = 1.0E-9 142
COEF = =(EULER+ALOG(XT)) %X 143

SUM = Ooo 33 SUMA=0,0 lab
SUMB = 0,0 % SUMC = 0,0 148

kg = O 168

ny 100 ¥ = KBs100 107

T™ = 2%K+1 148

T = eacTg)wx2 149

T = XTxx(2%¢) 10

TA = TN/ {(TkxTM} 181

Ta = TN /7 (TexTMmxx2y 152

SUM = SUM 4+ 1.0 7 (K+1.0) 153

Tc = (XT**(?*(K*l))/(FACT(K+1)**2*(2*(K+I)+1)))*QUM 184
SUMA = SUMA + Ta 188
SUMR = SUMB + Tg 156
SUMC = SUMC + T¢ 169
IF{ABS (TA) GT, EPS »ARS (SUMaY) GO To 100 188
IF(ABS (TB) +GT. EBS *ARS (SUMR)) Gn Tn 300 180
IF(ABS (TC) .GT, EPS  *®ARS (SUMCI) 60 TO 100 140

Gn To 180 181

100 cnNTINUE 1472
PRINT g00sTAsTRsTC sSUMSUMA » SUMR s SUMC s K 147

600 FARMAT (40X s7E13,5916) 144
caLL EXIT 14%

1580 CAY = P19 = COEF#SUMA -~ X*SUwR X #SUmC 144
PRINT g00sTAsTBsTC sSUMs SUMA s SUMRSUMC s K 147

RE TURN 148

200 X7 = X/7.0 $ SUMD = 0.0 1s0
D 250 M=197 170
SUMP = SUMD + {(=1.0)%%(May) * EX(M) / X7%%¥(M-1) 17y

250 coNTINUE 172
CAY = SUMD/(SORTI(X) # EXP(X)y) 172
RETURN 174

END 175
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SURROUTINE INTERP{NXesNYsXsY9ZsRsSsToNP) 275
DIMENSTON XINX)sY{NY)sZINYsNX) 574
NIMENSTON DIN(20)sSTORE(20) 297
nNoTS = 4 578

P 10 N = 29nX 570
IF(ReGToX{N}) 10920 520

10 CONTINUE 581
15 PRINT 800sRsSeX(NX)sY{NY) 582
CALL EXTIT 282
600 FORMAT (#0RsSsXINX)sYINY)*54F2009+//) ona
20 NP = N=1 sk
DO 30 N = 29NY 28k
IF(S.GT4YI(N)) 20540 op

30 coHNTINUE San
Go TO 15 2a0

60 NS = N - 1 200
TFINS,EQ.1) NS = NS + 1 291
TFINR,EQ.1) NR = NR + 1 29?2
IFINSL,EQe (NY=1) ) NS = NS ~ 1 294
TF{NR,EQs (NX~1) ) NR = NR = 1} s0n

pr 100 1 = 194 205

11 = MR=2+1 298

DN 50 g = 194 507
DINEYY = Z(JJs1T) 2080

50 coMTINUE 200
CALL LAGRANG(4sY (NS=1)sDINsNPTSsNPTS~151519LEND S sSTORE(T) ) 201
100 CONTINUE an?
CALL LAGRANG(4sX (MR=1)5STORESNDTSINPTS~151513LFNMDsRT) 202
rReTURN ) 204

END ans



100

102
101

104

102

108
110
112

117

120

141
140

130
149
150
170
161

162
180

151
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SUBROUT INE {LAGRANG (NPTSsXsYsNPsLAPsISTARTsIENDSLENDSR V)
DIMENSION X{NPTS)IsY(NPTS)sRITEND)sVITIEND)sDN(15)sDDI18)
Do 100 f = 31915

DN(T) =
LT = NP/
NDMIL_AP = NP ~ (AP

NY = 1

NE = NP

NTEMP = O

IR = ISTART

IF(RUIR) = X(NE~LT) ) 10251025101 ,
IFU{NESEQeNPTS} eAND (RIIR) ¢LEXINE))IGO TO 102
NT = NI + NPMLAP

NE = NE + NPMLAP

NTEMP = NT - 1

IF(NE ~ NPTS$)1035103,5104

LEND = IR = 1

RE TUnN

DA 110 K = 7MD

KX = g + NTEMP

no 110 1 = 1eNP

TI = T + NTEMP

IF(K=-1)108+110510C8

DDlx) = DDlK) * (X(xkx)y — X{11) )

canT inue

Viipy = 0,0

DA 120 IT = NIsNE

IF(R(IR) = X(IT))12051718920

VIIRY = Y‘IT)

60 TO ta0

CcONT INUE

NN 130 ¥ = 1 aND

Kk = ¥ 4+ NTEMP

DA 140 T = 1eMD

11 = 1 + NTEMP

IF(X-1)1419140s 141

DN(K}) = DN(K) #(R{IR) = X(I1})

conT TNUE

VIR = VIIRY + { DNy # Yigky/ pplyy
CONT INUE

1F(IR - TENDN}1505151+1581

R = 7R + 1

Do 170 MZ = 1 sND

DNIMZY = 1,0

IF(RIIR) = XI(NF -~ LT11112911221581

TFINE .LT. NPTS) GO To 162

TFE(e(IRY (L F. XINDPTSY % GO Tno 112

DO 180 MZI = 1eNP

DDIMZ) = 1,0

Gn T 101
LEND = TEND
RETURN

END

206
407
a0a

300

310
211
299
212
314
315
314
317
318
319
320
321
222
223
324
228
A%264
297
298
329
330
3131
212
332
L7
295,
124
217
-]
229
340
241
242
242
Al
26
24LA
47
a6
N0
220
a1
289
2813
184
a8R
284
87
38K
389
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50
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200
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+02488590,
® COOO“'T&O 9
~21815ARR97
- 00004804
~e01062445 s
«N0N52208,
s 018002AR g
~e000RQ2LG

® EXP (X))

SUBRNUT INF BRESSK (XesCKFSET)
DIMENSION FIRST(4) sFEI(3)sCOEF(a)sCKE(3)sA(10s4)
DATA (A = Q4542278420 623069756
2002804019, e 0003070,
2154431449 ~, 67278879,
-2019194072s =~,00110404
=-s07832358, 02189548,
« 005878725 =o0025%51540,
234986195 =,03655420%
~007801382, «0013254814
CALL RrFESST {(XsFT1)
1F(X LTe 2,0y 10520
T = X/ 2.0
Xp =  ALAG(TY
FIRST(1) = =XP % EI(1) ~ 0.87I721RAL
FIOST(2) = X % XP * FI(2) + 1,0
FACTOR = T = T
CnFF{1) = 1.0
cner(2) = 1,0 /7 X
JJ =1
en To 80
T = 2,0 /7 X
r1rST(2) = FIRST(4) = 1.75321414
JJ = 13
CAEF(3) = COEF(4) = 1.0 7 (SQRT (X)
FACTOR = T
JEND = JJ + 1
1 = 0
na 200 3 = jysJEND
T =1 + 1
PROD = 1,0
SUM = 0.0
KEND = A{10sJ) + 0,000001
Do 100 ¥ = 1sKEND
pBRAM = DPRON % FACTOR
SUM = SUM + PROD * Alrke
conTINUE
CkElL1Y = COEF(J) % (FIRST(J) + Sum)
CONTINUE
CXE(3) = (2,0/X) # CKE(2) + CKE(1)
RETURN

FND

2(0,0),
3(000’9
2{Ns01)»

2(Ne0)s

6009

696’

162
162
194
108
1o0g
107
1oR
100
200
2Ny
202
LYok
1oV
aNe
204
207
208
200
210
211
2192
212
214
218
214
217
298
210
250
221
292
297
224
e 1
274
97
el X"}
29 Q
220
D91
232
222
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SUBROUTVME~?ESSI (XsE1)
DIMENSTON A{10:4)sFTRSTILYsCOEF{4YsETL )

DATAIFIRST = 1,090,592(0,3080422R})1 5 .
{A= 26515622935 230899424, 12067492,

22659732, 0360768 00458135 3(0,0)s 6+05
287890594, L,51498869, ,15084934,
«02658733s ,00301532, ,00032411s 3(0,01s 8,05
01328592y ,00225319,:.,001575485,
2009182815 «~,02057706s ,02635527,
-o01647633s ,00292377, 0,0 5 8,0,
‘00398802a9 ‘.003620189 .00163R019
-s010315558y ,022829679-.,028953125
e01 7876549 ~o00420059, D0 9 B840
T =X / 3675
coEF(1) = 1,0
CofEFl2y = X
CHEF(3) = COEF(4) = EXP (X)) /7 SART (X)

TF(X .LT. 3075) 10’20
FACTOR = T % T

JJ =1

6o To s0

FACTOR = 100 /7T
JJy =3

JEND = JJ + 1

1 = 0

po 200 y = JJsJEND
I =14+

PROD = 1,0

SuM = 0,0

KEND = A{10sJ) + ,000004

po 100 x = 1sKEMD

PROD = PROD #* FACTOR

SUM = SUmMm 4+ PROD # AlKe )

CONTINUE

FI(I) = COEF(J) % ( FIRST(J) + SUM )
CONTINUE

E1(2) = (=2,0/Xy » EI{2) + E€1(1)

RETURN
END

224
298
224
227
228
229
240
241
262
2472
2bb
245
246
207
248
249
26
281
289
82
o84
285
¥ 3
287
oen
220
260
261
267
2472
280
248
244
247
248
240
270
271
292
272
274
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+01

¢ ?
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s0010
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De000N
00000
»0050
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« 00N
00000
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00000
602
00100
« 0040
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0, 0000
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e
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20025
00,0000
1500
«0755
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20003
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00000
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]

e 2637
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4018
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009
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20099
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DATA DECK FOR b(z,zD)

2004

00
6
Te

20039
00000

&

0e0ND
NeN1ANN
e ONNN
D 00NN

»001)
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0s0nNN
06 00NN

s U334
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«1529
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1,
«5354 05347 #5346 s 5346 25345 o 5345 #3344 +53473 5347 65340

+5339 e5321 «5296 «5265 05228 25187 e9143 e 5005 +5048 s 2992
« 4396 03762 23164 «2629 s 2167 el1774 el646 01174 «0950 20105
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FUNCTION FOFZQUZZs00)

COMMON /DAT/ Z(45)sQ(17)sB(45917) sNZsNQsNPTS
COMMDON/ORIG/BB(45917) P

COMMON/NSM/  BNSM(45917)

DIMENSTION EI(3)sCkE(3)

DATA{LSWITCH = 1)

NDATA(PT = 3,1415926%4)

GO TO (100,200} 6L SWITCH

LSWITCH = 2

READ DATA DECK 8(Z+Q) AND GENERATE SMOOTHED TABLES FOR B8(Zs0Q)

CALL INTPB
CALCULATE RI(ZsQ)

1F(QR.GT.0,0) GO TO 201
CALL BESSK(2ZsCKESED)

FOFZQ = PI1 3 Z2Z#%2 % (CKE(1)*EI(1) =~ CXE{2) * EI(2)

ReETURN

IF(OQQLTOIOGO’ GO To 10
FQFZO = 0.0

RETURN

TEMPB = BQASYM{ZZ,0Q)
1IF(ZZ,1T.201) Y G TO 5
IF(ZZ2,1 F.0,05) GO T020
IF(ZZ,1Ee25.0) GO TO 40
FOFZO = TEMOB

RETURN

O CcALL INTERPINQsNZ3sQsZsBNSMaQQsZZ s TEMPINDPTS)

TZ = ZZa%?

TQ = Zeo #* QN

RTZTO = SQARTI{TZ4+TO®%2)

CALL BESSK(RTZTQeCKESET)

DENUM = PI#ZZ#SQRT(TZ+4+(TQ/PI)%¥2) % CKE(}1)
FOFZQ = TEMP * DENUM

RETURN

CALL INTERP(NQsNZ:QsZsB 3QQsZ7 s TEMDOSNPTS)
CALL LAGRANG (NZsZsBB(1s1)342351+1sLENDSsZZ,RBRA)
Tg = TeEMP # BRR % (4,0%27Z/01) % TEMPB
ForZq = T8

RETURN

END
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SUBROUTINE INTPB
COMMON /DAT/ Z{a5)sQl17)3R(45017)sNZsMNsNPTS
COMMON/ORTG/ Pl45917ysPT
COMMON/NSM/  RBNSM{4B517)
DIMENSTON C(23)sET(3)

NZ = 48

N = 17

PT = 3.141592654
NPTS = 4

READ DATA DECKk FOR B(Zsn)

READ 5019(Z(1)s1= 1’NZ)

Do 10 J = 1NN

READ 502:Q(9)

READ 502s (P(1sJ)s1=1sNZ)
CONT INUE

PRINT TABLE B(ZsQ)

PRINT 8125(Ql1)sT=1s0)

PRINT 613

PRINT 5172 (Z(1)s(P{15J)9J=199)sT=19sNZ)}
PRIMT £3129(Q(11s1=10N0)

PRINT 513

Do 1509 1 = 1sNZ

PRINT g112(Z{1)s(P(T53)sJ=1CoNQ)Y
CONTINUE

Do 15 T = 1sNZ

SMOOTH TABLE B(ZsQ) FORP Z oL FEse 0.08

BlIs1) = 1,0

TEMP = 4,0#2(1)/pP1

DN 13 TY = 13NQ

TBNSM = SQRTIZ{T)*%¥24(2,0%0(71Y))%x2)

CALL BESSK(TBN%MaCsFI)

DEMEW = pI®Z(1) = SQRT(Z(I)**9+(2.0¥Q(IY)/PI)**Z)*C(l)
BNSMITs1Y) = p(TIsIY)/DENEVW

CONTINUE

SmMEoTH TasLE B(ZsQ) FOR Z oGTe 0,05 AND Z .LE. 25.7

DO 15 4 = 23NQ ;
B(l1s) = (plIs 3/plls1)) Z{TEMP#BRQASYMIZ(I)s( 1))
ConTINUE
FORMAT(10Fg,0)
FORMAT(6E1244)
FORMATIF10,339E14.4)
FORMAT(1H1 o#B(ZsQ) %/ /27X s%#N%52Xs9F14e35/)
FORMAT(1H s% Z%s7)
RETURN
END
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FUNCTION BQASYM(ZsQ) 0s0
DIMENSION CK({3)sCET(3) 040
TWOQ = 200 * o 0’]
CALL BESSK{(TWONSCKSCETD) 0-2
CALL KI1{TWOOSCAY) 072
QAsQ = Q*x2 Ovs4
BOASYM = (3.0/Z)%({(0,5-05Q)#CAY+Q#*#Ck (1) 4+ 2.0%Q5Q * CK{2) ) 075
RETURN 0=¢

END 077
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